Abstract. The L-series of two Calabi-Yau three-folds are found. In each case it is shown that the middle cohomology has dimension 2, and that (up to Euler factors at primes of bad reduction) the Mellin transform of the L-series of the middle cohomology is given by a modular form of weight four.
Introduction
A smooth projective variety Z of dimension n is called a Calabi{Yau variety if H i (Z; O Z ) = 0 for 0 < i < n, and K Z 0, i.e., the canonical bundle is trivial.
A Calabi-Yau variety of dimension 1 is an elliptic curve. A Calabi-Yau variety of dimension 2 is a K3 surface. Calabi-Yau three-folds have been important in physics, and a source of basic results and examples can be found in H]. A rigid Calabi-Yau three-fold is one with no complex deformation, i.e., h 2;1 = 0, which means that H 3 (Z) is two dimensional. In this case, it is predicted that the Mellin transform of the L-series of H 3 (Z; Q`) is a weight four modular form.
In this paper I determine (up to Euler factors at the primes of bad reduction) the L-series of two Calabi-Yau three-folds, Z A 3 1 and Z A3 . The rst of these varieties was also studied in PS] , where the Picard-Fuchs equation was found.
The Calabi-Yau varieties described in this paper have K3 brations, and are double covers of the varieties described in V1]. The construction in V1] starts with a root lattice R of dimension n, and uses toric geometry to produce a pencil of n ? 1 dimensional Calabi-Yau varieties, X R . Below we describe how to take a double cover to produce a Calabi-Yau n-fold, Z R . For example, from the lattice A 1 A 1 = Z Z we obtain a pencil of elliptic curves. Several of these families 4 (4 ) 6 (6 ) (2 ) 3 (12 ) 2 (2 ) (4 ) (6 ) (12 ) 0 1 , rather than for ? 0 (12) + 12, since the conjugated group is a subgroup of ? 0 (6) + 6, the group found in V1] to be the monodromy group for X A3 . Since Z A3 is constructed from X A3 it is most natural to use the parameter given in the table. In each case, t is a uniformizing parameter for the given monodromy group, and is a (non holomorphic) modular function for ?, and generates the space of modular functions for ?. The function f is a modular form of weight 2 for ?.
The row for the periods gives a modular form f( ) such that when the family is given as a bration over H=?, so the parameter t is given as a uniformizing parameter t( ), then the period lattice of the bre over 2 H=? is given by f( )(Z Z 2 Z); for Z A1 A1 A1 and Z A3 , and f( )(Z Z) for Z A1 A1 and Z A2 .
2. Pencils of varieties de ned by root lattices Given a root lattice R, the Weyl chambers form cones of a fan R , which de nes a toric variety, X( R ). The character of the adjoint representation de nes a map : X( R ) ! P 1 . Blowing up the base locus of this map gives a variety X R with a bration : X R ! P 1 . This construction is described in V1], where it is shown that if R is of type A n , or products of A n root lattices, then the general bre is a Calabi-Yau variety. The variety X R does not have trivial canonical class, and so cannot be a Calabi-Yau variety, but for R = A 3 , A 3 1 := A 1 A 1 A 1 , or A 1 A 2 , we can easily obtain a Calabi-Yau variety Z R :
Theorem 2.1. For the root lattices R = A 3 , A 3 1 , or A 1 A 2 , there is a CalabiYau variety Z R , which is a double cover of the variety X R , (described above) and is given by the pull back in the following diagram, where F(t) is a certain rational function of degree 2:
Proof. The canonical divisor of the toric variety X( R ) is linearly equivalent to ?X 1 . In blowing up the base locus of , we still have the canonical divisor of X R given by K XR ?X 1 . By the adjunction formula, we have K XR = K XR +B; whereB = ?1 B X is the rami cation locus, and B is the branch locus, so B is the union of the bres over the branch points of the double cover. We have = F(t), a rational function of degree 2, so there are two branch points of the cover, ; , and B = X + X . HenceB =X +X ; whereC just means lifting the divisor C in X R to something in Z R . Since X and X are both bres of : X ! P 1 , we have X X , andX X . HenceB 2X X , so K ZR = (?X 1 ) + X = 0.
Since Z R is connected, h 0 = 1. The rst Betti number h 1 = 0 since the base P 1 is simply connected, and so are the bres, which are Calabi-Yau varieties, or degenerations of Calabi-Yau varieties. In the case that Z R is three dimensional, this is enough to conclude that it is a Calabi-Yau three-fold, and has Hodge diamond of the form: 3. Calculation of the L-series of H 3 (Z A3 ; Q`) Now we consider Z A3 , a Calabi-Yau threefold, de ned over Q. We will show that the Mellin transform of H 3 (Z A3 ; Q`) is a weight 4, level 6, modular form, ( ( ) (2 ) (3 ) (6 )) 2 . Locally Z A3 is given by Z A3 : (1 + x + xy + xyz)(1 + z + zy + xyz)t = (t + 1) 2 xyz; plus some blowing up. In V1] a detailed description of the variety X A3 was given. The Calabi-Yau variety Z A3 is obtained from X A3 by taking a pull back over a double cover of the base of the bration, as described in Theorem 2.1. In x 3.3 we describe the resolution of the singularities of this variety.
3.1. Why we expect the Galois representation attached to H 3 (Z A3 ; Q`) to be modular. There are two reasons for this, which also apply in the case of Z A 3 1 . First, the fact that Z A3 is rigid (Lemma 3.7) means that H 3 (Z A3 ; Q`) admits a two dimensional Galois representation; Fontaine and Mazur conjecture (roughly speaking) that all irreducible odd 2-dimensional Galois representations \coming from geometry" should be modular, up to a Tate twist|see FM] conjecture 3 for the precise statement relevant here.
Further, there is a relationship between Z A3 and a pencil of elliptic curves, which also leads us to expect Z A3 to be modular. The two dimensional Galois representation associated to f by Deligne D] to a new form f of weight k, is a piece of the`-adic cohomology H k+1 (X (k) ; Q`), where X (k) is the k-fold bre product over C, of the universal family X of elliptic curves over a modular curve C. In the situation here, one might expect Z A3 to be related to the bred product of the universal family of elliptic curves for ? 0 (6), because of the relationship between the transcendental lattices of the bres, and the relationship between the Picard-Fuchs equations, which is mentioned in V1] and V2]. So far I have not been able to construct a suitable map using this approach. However, an explicit correspondence given by a birational map between Z A3 and the bred product of the universal family of elliptic curves for ? 0 (6) has been constructed by M. H. Saito and N. Yui SY] , though this map does not seem to relate to the monodromy.
3.2. The L-series predicted by the periods and monodromy of Z A3 .
The Picard-Fuchs equation for a pencil of K3 surfaces, with bre X t is a di erential equation satis ed by the periods, which are de ned as follows: Let ! t be the unique di erential 2; 0 form on X t . A period is a function of t 2 B := P 1 n fs with X s singularg, given by
where 2 H 2 (X t ).
A relationship between the Picard-Fuchs equation and the L-series is given in S2]. That result does not quite apply to the variety Z A3 , but the result of S2]
should be valid for a larger class of varieties. Although this result is not used in the proof of Theorem 3.14, it is important in that it predicted the result before any work was done towards resolving singularities of Z A3 , and counting points, done in x 3.3. Rather than state the result of S2], we state a related conjecture: to the coe cients of the L-series, since b n is the coe cient of t n in the expansion in t of a certain period, and in certain situations, including the one here, ?N p will be equal to the trace of the Frobenius, up to some polynomial in p. Unfortunately it is not clear for what class of polynomials f(x; y; z) this conjecture may hold; it seems to be true for many, but not all, simple polynomials with low degree and few terms. To save space, it is stated in the above elementary form, rather than in terms of L-series and Picard-Fuchs equations.
The following results establish this kind of congruence between the coe cients of the expansion of a period, and the coe cients of a certain weight 4 modular form.
Lemma 3.2. There is a period for the pencil of K3 surfaces Z A3 which has an expansion in terms of the local co-ordinate t: ? (3 ) 4 (12 ) 8 (2 ) 12 ( ) 4 (4 ) 8 (6 ) 12 : A period is given by a modular form of weight 2 ? ( (2 ) (6 )) 4 ( ( ) (3 )) 2 and so for q in a small enough neighbourhood of 0, if we express the following in terms of q-expansions, ? ( (2 ) (6 )) 4 ( ( ) (3 )) 2 = X b n ? (3 ) 4 (12 ) 8 (2 ) 12 ( ) 4 (4 ) 8 (6 ) 12 n :
Proof. In V1] the solution to the Picard-Fuchs equation for X A3 was found, and an expression for the period was given in V1] Proposition 6. There, the period was given by P n+1 a n , where a n = P p+q+r+s=n n! p!q!r!s! 2 . The variable is given by = 1 +4 , where is the parameter for X A3 . Since Z A3 is obtained from X A3 by taking a double cover, the Picard-Fuchs equation is obtained by making a change of variables, and the solution will be given by the same modular form of weight 2, but in terms of a di erent variable t, where = (t?1) 2 t . By making a change of variables, the expression for the coe cients b n is obtained from the a n . To nd an appropriate expression for t as a modular function, note that since is a degree 2 function of t, then we are looking for a subgroup of index 2 in the monodromy group ? 0 (6) + 6 of X A3 . The group ? 0 (12) + 12 conjugated by 1 0 1 2 1 is an index two subgroup of ? 0 (6) + 6, with uniformizing parameter t( ) satisfying = (1?t) 2 t , given as above.
Note, changing the sign of t and f is convenient, still gives a parameter and period for the family, and does not have an e ect on the following result. In particular, for all primes p, b p p mod p:
Proof. See V3] . Since ( ) 2 (2 ) 2 (3 ) 2 (6 ) 2 has the expected weight, 4, and the right level 6, (only divisible by the primes of bad reduction), and satis es the congruence suggested by S2], we expect that this will be the Mellin transform of the L-series, and this is what will be proved in the next sections.
3.3. Resolution of singularities and counting of points. Here we give a qualitative description of the process of constructing the variety and resolving singularities. The variety is given by equations with coe cients in Z, and so we can consider it over any eld. For counting points, we work over F p . For calculating cohomology, it will be easier to work over C .
X( A3 ) is a smooth toric variety, as described in V1]. There is a map : X( A3 ) ! P 1 . X A3 , also described in V1], is obtained from X( A3 ) by blowing up the base locus of , and resolving singularities.
Z A3 is obtained by taking a pull back over a double cover of P 1 , and resolving the singularities of the resulting variety.
Note: In characteristic 2 and 3 the singular bres X 0 ; X ?4 ; X 12 described below, are not all distinct, and the following does not resolve the singularities. However, in all other characteristics, a smooth Calabi-Yau three-fold is obtained.
A The K3 bres are given by X = ?1 ( ). These are smooth K3 surfaces, expect for X with = 0; ?4; 12; 1. A description of the singular bres is given in Table 3 .3, and they are also pictured in Figure 3. B: The variety X A3 . In passing to X A3 , we blow up the base locus B, which is given by the intersection of X with X 1 , pictured in Figure 2 .
The base locus, X \ X 1 consists of 20 lines, 30 points being on two lines.
On each P 1 P 1 , two lines; locally, on y = 0, x = ?1 and z = ?1.
On each blown up P 3 , one line; locally, on x = 0, 1 + z + zy = 0. blown up, so this bre has 5 components.
1 A union of 8 copies of P 2 blown up in three points, and 6 copies of P 1 P 1 . An additional 30 copies of P 1 are added in resolving singularities locally, the x; y and z axes. In total 36 lines. Figure 2 . In blowing up the base locus B, singularities are introduced at the 30 singularities of B. Of these 30 singularities, 24 are on the bre X 1 , and 6 are on X ?4 . These are resolved by blowing up, which adds 30 copies of P 1 . Figure 3 shows the singular bres of : X A3 ! P 1 . (1 + x + xy + xyz)(1 + z + zy + zyx)t = (1 + t) 2 xyz: Figure 4 shows the singular bres of Z A3 , and the double cover. When the double cover = (t?1) 2 t is taken, singularities can only occur at singularities of the bres over the branch points, i.e., at = 0 or ?4. For X 0 , the four singularities are resolved by blowing up a surface passing through them in the ambient space, which adds a copy of P 1 at each singularity. The singularities of Z A3 on the bre X ?4 consist of the three copies of P 1 , which are the intersection of the two components of X ?4 . To resolve the singularities, rst blow up these three lines, adding three copies of P 1 P 1 . Then, in the blow up, over each of the three points of intersection of these three lines, there are two singular points, which are resolved by blowing up, which adds 6 copies of P 1 . by taking the pull back over the double cover of P 1 , = (t?1) 2 t .
To count points, we may consider Z A3 to be a disjoint union of: Z p (Z A3 ; s) = P 1 (t)P 3 (t)P 5 (t) P 0 (t)P 2 (t)P 4 (t)P 6 (t) ;
where P i (t) = det(1 ? t Frob p j H i ), so degP i = h i = dim H i (Z A3 ; Q`). This holds for p 6 = 2; 3. For i 6 = 3, the polynomials P i (t) are determined by nding the action then we could show this is the L-series for the modular form ( ) 2 (2 ) 2 (3 ) 2 (6 ) 2 .
However, we do not give any justi cation for why the Euler-factor at 2 and 3 should be given in this way, and so we are not proving in this paper that the global L-series is equal to the stated modular form, rather that it is equal up to Euler factors at the primes of bad reduction, and that the Galois representation on H 3 (Z A3 ; Q`) has semisimpli cation isomorphic to the semisimpli cation of the representation associated by Deligne to the modular form ( ) 2 (2 ) 2 (3 ) 2 (6 ) These coe cients agree, as far as calculated, with the coe cients of the modular form ( ) 2 (2 ) 2 (3 ) 2 (6 ) 3.5. Proof of equality of two L-series. Throughout this section, we use a n to denote the coe cients of the L-series of H 3 (Z A3 ; Q 2 ), and b n to denote the coe cients of ( ( ) (2 ) (3 ) (6 )) 2 . So, the L-series is P an n s , and the eta product is P b n q n . In this section we prove that a n = b n for all n, thus identifying the Mellin transform of the L-series of H 3 (Z A3 ; Q`), and showing its modularity.
We use Livn e's method to prove the equality of the L-series. For convenience we restate the theorem of Serre, based on Faltings results, and taken from Livn e's paper L]:
Theorem (Specialization of L], Theorem 4.3) Let S a nite set of rational primes, and 1 ; 2 : Gal(Q =Q) ! GL 2 (Q 2 ) representations unrami ed outside S.
Denote the composite of all quadratic extensions of Q unrami ed outside S by Q S .
Suppose that 1. Tr 1 Tr 2 0(mod 2) and det 1 det 2 (mod 2).
2. There is a nite set T of primes, disjoint from S, for which i. The image of the set fFrob t g t2T in Gal(Q S =Q) is surjective.
ii. Tr 1 (Frob t ) = Tr 2 (Frob t ) and det 1 (Frob t ) = det (Frob t ) for all t 2 T.
Then 1 and 2 have isomorphic semisimpli cations.
We will apply this theorem to show that the Mellin transform of the L-series of H 3 (Z A3 ; Q`) is equal to the eta product ( ( ) (2 ) (3 ) (6 )) 2 . To do this we need to produce representations, 1 ; 2 : Gal(Q =Q) ! GL 2 (Q 2 ), with the required L-series.
The representation 1 is given by the action of Gal(Q =Q) on the 2-adic cohomology, H 3 (Z A3 ; Q 2 ), which is a two dimensional vector space by Proposition 3.7.
The representation 2 is the 2-adic representation associated by Deligne's theorem to the eigenform f = ( ( ) (2 ) (3 ) (6 )) 2 . So the Mellin transform of the L-series of 2 is ( ( ) (2 ) (3 ) (6 )) 2 . To apply Livn e's result, we now prove some parity results.
Lemma 3.10. The number of points N p = j (x; y; z; t) 2 (F p ) 4 j(1 + x + xy + xyz)(1 + z + zy + zyx)t = (1 + t) 2 xyz j is odd for all primes p 5.
Proof. For xed t, we have an involution, (x; y; z) 7 ! (x ?1 ; y ?1 ; z ?1 ). The 8 xed points are ( 1; 1; 1). Of these, (1; 1; 1) is on the bres over = 12, so gives 2 points on Z A3 . The remaining 7 xed points are on the bres over the branch points of = (t ? 1) 2 =t. So in total this is an odd number of points.
Lemma 3.11. If : Gal(Q=Q) ! GL 2 (Q`) is unrami ed outside 2 and 3, and ; Q 2 ) are 1 ; 2 , then by duality, they are also p 3 = 1 ; p 3 = 2 , and so det( 1 (Frob p )) = 1 2 = p 6 = 1 2 , which implies that det( 1 (Frob p )) = p 3 , for all primes p. So for all primes p > 3, det( 1 (Frob p )) = det( 2 (Frob p )), and so by the Tchebotarev density theorem for all 2 Gal(Q =Q),
we have det( 1 ( )) = det( 2 ( )) = 3 ( ). Hence also det 1 = 3 , and the determinants of the two representations are equal.
Theorem 3.14. Up to Euler factors at p = 2; 3, the Mellin transform of the L-series of the middle cohomology of the variety Z A3 is the weight 4 level 6 modular form ( ) 2 (2 ) 2 (3 ) 2 (6 ) 2 .
Proof. The primes of bad reduction of Z A3 are 2 and 3, and the level of ( ) 2 (2 ) 2 (3 ) 2 (6 ) 2 is 6 The eld Q f2;3g needed to apply Livn e's result is Q 24 ], and so we can take T = f5; 7; 11; 13; 17; 19; 23; 73g , since this is a set of representatives for (Z=24Z) . From Table 3 .4 for the values of a p , and the qexpansion of ( ) 2 (2 ) 2 (3 ) 2 (6 ) 4.1. Structure of Z A 3 1 . We start with a toric variety X( A 3 1 ) = P 1 P 1 P 1 , with a map : X( A 3 1 ) ! P 1 given by (x; y; z) = x + x ?1 + y + y ?1 + z + z ?1 :
The base locus of is blown up to obtain X A 3 1 , which away from xyz = 0, is given by x + x ?1 + y + y ?1 + z + z ?1 = : The bre X = ?1 ( ) is a smooth K3 surface for general . Taking a pull back of the double cover = ?t ? t ?1 , we obtain Z A 3 1 , given (when xyz 6 = 0) by x + x ?1 + y + y ?1 + z + z ?1 + t + t ?1 = 0: The bres are denoted by Z t . Now we go through this construction in more detail. Since X( A 3 1 ) is a toric variety, we consider it composed of the open torus, plus the complement of the open torus, which is bre at in nity X 1 , and which consists of 6 copies of P 1 P 1 . To obtain the same bre at in nity as given in the compacti cation described in PS], before blowing up the base locus of , we blow up the lines of singularities in the bre at in nity, where its components intersect. This adds 12 copies of P 1 P 1 , and 8 copies of P 3 , and gives a variety with 24 singularities, all on X 1 .
In X( A 3 1 ), X 1 consists of 6 copies of P 1 P 1 ,
represented by the faces of the cube in the rst picture. After the blow up of the lines where these faces intersect, X 1 consists of 12 copies of P 1 P 1 , and 8 copies of P 2 , represented respectively by rectangles and triangles in the second picture. Figure 5 . The Fibre at in nity.
Apart from the bre at in nity, the other singular bres are at 2; 6, where the only singularities are rational double points. When the base locus is blown up, we introduce 24 more singularities, also all on X 1 .
Part of the bre X 1 is shown. The thicker lines are where the generalbre intersects X 1 before the base locus is blown up, and the 6 singularities on one of the eight P 2 s in X 1 , are circled. Of the 48 singularities, 6 are circled in Figure 6 . There are 6 such for each of the 8 corners, in the same con guration. These singularities are resolved by blowing up all eight P 2 s. Now we take the double cover = ?t ? t ?1 . There will be singularities over the branch points, s = 2 corresponding to the singularities of the bre. Proof. There are 26p 2 +44p+24 points on X 1 , which is pictured in Figure 5 .
The base locus consists of 20 copies of P 1 , however, 24 points are counted twice, so the number of points on the base is 20p ? 4. After blowing up, each X t , for t 6 = 0; 1, consists of a copy of the base locus, and on open part, where xyz 6 = 0. So, in counting points, we add up the number of points on X 0 and X 1 , the number of points on the base locus for all bres; the number of points in the open part with xyzt 6 = 0, and we must also add 6p points for the 6 copies of P 1 added in the resolution of the surfaces over 2. To show this, we can nd explicit divisors spanning the Picard lattice of the bres, given in PS] x2, which are all rational curves, and we also know the components of the degenerate bres, Z 0 and Z 1 , so we can give a spanning set for Pic(Z A 3 1 ). Since these are all represented by subvarieties de ned by equations with coe cients in Z, they are xed by the action of the Frobenius automorphism. By Proposition 2.3, images of elements of Pic(Z A 3 1 ) span H 2 (Z A3 ; Q`), so the action of the Frobenius on H 2 is just multiplication by p. By 4.2. Proof of equality of two L-series. In this section, we use a n to denote the coe cients of the L-series of H 3 (Z A 3 1 ; Q 2 ), and b n to denote the coe cients of ( (2 ) (4 ) We will once again apply the Faltings/Serre/Livn e result. For application of this theorem, the representation 1 is de ned to be that given by the action of Gal(Q =Q) on the 2-adic cohomology, H 3 (Z A 3 1 ; Q 2 ), which is a two dimensional vector space by Lemma 4.1 The representation 2 is the 2-adic representation associated by Deligne's theorem, to the eigenform ( (2 ) (4 ) Proof. The fact that all the coe cients a p of the L-series of the representation on H 3 (Z A 3 1 ; Q 2 ) are even was given in Lemma 4.2.
Next we want to prove that if ( (2 ) (4 )) 4 = P b n q n , then for primes p > 2, b p is even. We can deduce this from Proposition 4.10 of L], which tells us that if the representation 2 is unrami ed outside f2; 5g, and Tr (Frob 3 ) 0(mod 2), then Tr 2 0 identically. The level of ( (2 ) (4 )) 4 is 8, so the corresponding representation is unrami ed outside 2, and the coe cient of q 3 is ?4 0 mod 2, and so we deduce that for all primes p > 2, b p is even. An alternative way to see that all b p are even is to note that we have (2 ) 4 (4 ) 4 (8 ) 3 mod 2. Then at least 3=4 of the b p must be even, but then by Tchebotarev density theorem, this means they all are. Alternatively, we can apply Jaccobi's formula for ( ) 3 , which also implies that the b p are even.
Theorem 4.4. Up to an Euler factor at p = 2, the Mellin transform of the L-series of H 3 (Z A 3 1 ; Q`) is equal to ( (2 ) (4 )) 4 :
Proof. We apply theorem 4.3 of L], which was restated in x 3.5. We take S = f2g. The representations 1 and 2 are as described above. The determinants of both representations are det( i (F rob p )) = p 3 , in exactly the same way as for Z A3 in Lemma 3.13. By Lemmas 4.3 the trace in both cases is even. 
